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Exercise 1

We controlled in the proof of Theorem 8 (Lecture 6, board 3) the following quantity,
defined for n P N, n ě 1:

A pnq :“ 1` 1` 21 ` 21`2 ` 21`2`3 ` ¨ ¨ ¨ ` 21`2`¨¨¨`pn´1q “ 1`
n´1
ÿ

k“0

2p
řk
j“0 jq. (1)

We introduced then:

B pnq :“ 21`2`¨¨¨`n “ 2
npn`1q

2 . (2)

Prove that A pnq ď B pnq.

Proof. We prove this by induction. First of all notice that A p1q “ 2 “ B p1q. Moreover
for any n ě 1 assume that we have A pnq ď B pnq; we then get

A pn` 1q “ 1`
n
ÿ

k“0

2p
řk
j“0 jq “ 2`

n
ÿ

k“1

2p
řk
j“0 jq “ 2`

n´1
ÿ

k“0

2p
řk`1
j“0 jq (3)

“ 2`
n´1
ÿ

k“0

2k`12p
řk
j“0 jq ď 2` 2n

n´1
ÿ

k“0

2p
řk
j“0 jq ď 2` 2nA pnq (4)

ď 2` 2nB pnq “ 2` 2
npn`3q

2 ď 2
npn`3q

2
`1 “ 2

pn`1qpn`2q
2 “ B pn` 1q . (5)

We can then conclude by induction.

Exercise 2

We recall that the homogeneous Boltzmann equation, for radial in the velocity variable
solutions f , writes:

Btf ` L pfq f “ J pfq , (6)
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where we saw in the last exercise sheet that L and J can be written as

J pfq pt, rq “ 16π2
ż `8

0

ż `8

0
f pt, uq f pt, vqG pr, u, vquvdu dv, (7)

G pr, u, vq “

$

’

’

’

’

&

’

’

’

’

%

0 if u2 ` v2 ď r2,
1 if u ě r, v ě r,
v
r if u ě r, v ď r,
u
r if u ď r, v ě r,
?
u2`v2´r2

r if u2 ` v2 ě r2, u ď r, v ď r,

(8)

L pfq pt, rq “

ż `8

0
P pr, r1q f pt, r1q r

2
1dr1, (9)

P pr, r1q “

ˆ

2r `
2r21
3r

˙

1r1ďr `

ˆ

2r1 `
2r2

3r1

˙

1r1ąr. (10)

We now aim at controlling from below the solutions of (6). In order to do so, the first
step is to bound from above the term L pfq.

We now consider a solution f of (6) on r0, t1s ˆR` satisfying that there exist a constant
C such that for all pt, rq P r0, t1s ˆ R`:

0 ď f0 prq ď
C

p1` rqk
, (11)

0 ď f pt, rq ď
C

rα p1` rqβ
, (12)

with k ą 6, 0 ď α ă 3 and α` β ą 6 fixed.

Prove that there exist two positive real numbers A and B, depending only on the initial
datum f0, such that for all r ě 0:

L pfq prq ď Ar `B. (13)

Give explicitly the constants A and B.

Hint: Use Theorem 9 to control the solution f only in terms of the initial datum f0.

Proof. First notice that we can bound P pr, r1q as

P pr, r1q “

ˆ

2r `
2r21
3r

˙

1r1ďr `

ˆ

2r1 `
2r2

3r1

˙

1r1ąr (14)

ď
8

3
pr1r1ďr ` r11răr1q . (15)

Using (11) we now get the bound

L pfq prq ď
8

3

«

ż r

0

Cr

p1` r1q
k
dr1 `

ż `8

r

Cr1

p1` r1q
k
dr1

ff

(16)

ď

˜

8

3

ż `8

0

C

p1` r1q
k
dr1

¸

r `

˜

8

3

ż `8

0

Cr1

p1` r1q
k
dr1

¸

. (17)
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Exercise 3

• Let f be a solution of (6) satisfying the assumptions of the previous exercise. Show
that for all pt, rq P r0, t1s ˆ R`:

f pt, rq ě f0 prq e
´pAr`Bqt `

ż t

0
e´pAr`Bqpt´sqJ pf ps, rqq ds, (18)

where A and B are the constants found in (13).

This is already a first interesting control on the solutions. Nevertheless, when the
initial datum is 0 at r0, the control (18) on the quantity fpt, r0q becomes trivial.

• Deduce that for all pt, rq P r0, t1s ˆ R`:

f pt, rq ě 16π2te´pAr`Bqt
ż `8

0

ż `8

0
Gpr, u, vq¨

¨ f0 puq e
´pAu`Bqtf0 pvq e

´pAv`Bqtuvdu dv. (19)

• Let us now assume that the initial datum f0 is non-zero, that is there exists r0 P R`
and d,m ą 0 such that

f0 prq ě m ą 0 (20)

for all r P rr0, r0 ` ds. Using the assumption (20), prove that

f pt, rq ą 0 (21)

for all t ą 0 and r small enough (that is, smaller than a constant which depends
only on r0 and d).

Hint: Consider, for an arbitrary 1 ă γ ă
?

2, the bound b “ minu,vě r
γ
G pr, u, vq,

and use this quantity to bound from below the integral in (19).

Proof. From the previous exercise we get that

Btf pt, rq “ J pfq pt, rq ´ L pfq pt, rq f pt, rq ě J pfq pt, rq ´ pAr `Bq f pt, rq . (22)

We then get

epAr`Bqtf pt, rq “ f0 prq `

ż t

0
epAr`Bqs rpAr `Bq f ps, rq` (23)

`J pfq ps, rq ´ L pfq ps, rq f ps, rqs ds (24)

ě f0 prq `

ż t

0
epAr`BqsJ pfq ps, rq ds (25)

which in turn implies (18). Now, given that f is positive we deduce from (18)

f pt, rq ě e´pAr`Bqtf0 prq , (26)

f pt, rq ě

ż t

0
e´pAr`Bqpt´sqJ pfq ps, rq ds. (27)
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Using (26) we can bound J pfq from below as

J pfq pt, rq ě 16π2
ż `8

0

ż `8

0
G pr, u, vq f0 puq e

´pAu`Bqtf0 pvq e
´pAv`Bqtuvdu dv, (28)

and now from (27) we get

f pt, rq ě 16π2
ż t

0
e´pAr`Bqpt´sq

ż `8

0

ż `8

0
G pr, u, vq ¨ (29)

¨ f0 puq e
´pAu`Bqsf0 pvq e

´pAv`Bqsuvdu dv ds. (30)

Given now that A and B are both positive we have that epAr`Bqt ě 1 and that e´pAr`Bqs ě
e´pAr`Bqt and therefore

f pt, rq ě 16π2e´pAr`Bqtt

ż `8

0

ż `8

0
G pr, u, vq ¨ (31)

¨ f0 puq e
´pAu`Bqtf0 pvq e

´pAv`Bqtuvdu dv. (32)

Finally, assume that r ď r0 and notice that by the definition of G we get

f pt, rq ě 16π2e´pAr`Bqtt

ż `8

r

ż `8

r
f0 puq e

´pAu`Bqtf0 pvq e
´pAv`Bqtuvdu dv (33)

ě 16π2e´pAr`Bqtt

ż r0`d

r0

ż r0`d

r0

f0 puq e
´pAu`Bqtf0 pvq e

´pAv`Bqtuvdu dv (34)

ě 16π2e´pAr`Bqttm2d2r20e
´2pApr0`dq`Bqt ą 0. (35)
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